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Abstract
Let U be a relatively compact open subset of a harmonic space, and H(U) be the function space of all
continuous functions on U which are harmonic on U . We give a complete characterization of the H(U)-
exposed subsets of U . This extends the results of [J. Lukeš, T. Mocek, M. Smrcˇka, J. Spurný, Choquet like
sets in function spaces, Bull. Sci. Math. 127 (2003) 397–437].
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ractérisation complète des ensembles H(U)-exposés de U . Cela étend les résultats de [J. Lukeš, T. Mocek,
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In classical potential theory the following assertion is now known as the Keldysh lemma:
Given a regular boundary point z of a bounded open subset U of Rm, there is a continuous
function h on the closure U of U which is harmonic on U and satisfies
h(z) = 0 and h > 0 on U \ {z}.
In other words, at any regular point there is an exposed function. The original construction of
M.V. Keldysh is rather complicated. Using Choquet’s theory, there is a simple argument leading
to the Keldysh lemma. Namely, if H(U) denotes the function space of all continuous functions
on U which are harmonic on U , then the function space H(U) is simplicial and the set ∂regU of
all regular points of U coincides with the Choquet boundary of H(U) (see, for example, [7] and
references therein; cf. also [11]). Under these circumstances, any point of the Choquet boundary
is exposed.
The paper [8] presents a characterization of the exposed sets in U , that is, those sets F ⊂ U
for which there exists a function h ∈ H(U) such that
h = 0 on F and h > 0 on U \ F.
The method used there is based on deeper properties of Choquet sets in simplicial spaces. Here
we present a direct proof of this characterization.
Theorem 1.1. Let U be a bounded domain in Rm and F a proper subset of U . Then F is H(U)-
exposed if and only if F is a proper closed subset of ∂regU .
Proof. Let F be a proper closed subset of ∂regU . Solving the weak Dirichlet problem we see
that, for any z ∈ ∂regU \ F , there is a function hz ∈ H(U) such that
hz(z) > 0, hz = 0 on F and 0 hz  1.
The existence of hz is guaranteed by the simpliciality of the space H(U) (cf. [9, p. 242]). The set
∂regU \ F is separable, so there exists a sequence {zn} of points in ∂regU \ F such that
∂regU \ F ⊂
{
x ∈ U : hzn(x) > 0
}
.
The function h :=∑2−nhzn belongs to H(U), h 0 on U , h = 0 on F and h > 0 on ∂regU \F .
Given x ∈ U , let εUx stand for the balayage of the Dirac measure εx to the complement U of
U (cf. Section 3 below). Then, for any x ∈ U \ ∂regU , we have
spt εUx = ∂regU
by a result of J. Bliedtner and W. Hansen in [4] (cf. Lemma 8.2 below). Hence, for any x ∈ U \F ,
h(x) =
∫
U
hdεUx =
∫
U\F
hdεUx 
∫
∂regU\F
hdεUx > 0,
and we see that F is an H(U)-exposed set.
Conversely, any H(U)-exposed set F = U is a proper closed subset of ∂regU , by basic prop-
erties of harmonic functions and regular points. Indeed, any such set is clearly closed, and also
disjoint from U as a consequence of the strong minimum principle for harmonic functions. If
x ∈ F , then x ∈ ∂U and any H(U)-exposed function for F is a barrier for x, and thus x is a
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everywhere on U . 
Corollary 1.2 (The Keldysh lemma). Any regular boundary point of U is H(U)-exposed.
The remainder of this paper is devoted to developing a more general approach to exposed sets
in the framework of abstract potential theory.
2. Preliminaries
Before proceeding, some notation will be established.
Let K be a compact topological space and C(K) be the space of all real-valued continuous
functions on K equipped with the sup-norm. We will identify the dual of C(K) with the space
M(K) of all Radon measures on K . Let M+(K) denote the set of all positive Radon measures
on K , and M1(K) the set of all probability measures in M+(K). Then M1(K) is a convex
w∗-compact subset ofM(K).
We denote by εx the Dirac measure at x ∈ K .
Given a μ-integrable function f on K , we often simply write μ(f ) instead of
∫
K
f dμ. If g is
a numerical function, then g+ denotes the function max(g,0). Lower semicontinuous functions
are assumed to be lower finite, and upper semicontinuous functions to be upper finite.
We denote by χA the characteristic function of a set A and by ∂A its boundary.
3. Harmonic spaces
In what follows, (X,H) is a P-harmonic space with a countable base in the sense of the
axiomatics of Constantinescu and Cornea [6] or of Bauer [1]. For a set A ⊂ X we shall use the
notation bA for the set of all points of X where A is not thin and A for the complement of A.
Further, given a positive hyperharmonic function v on X, RAv stands for the reduced function of
v on A while R̂Av denotes the balayage of v on A.
It is known that, for any x ∈ X, there exists a unique Radon measure εAx on X such that
εAx (v) = R̂Av (x)
for any positive hyperharmonic function v on X.
For a relatively compact open set U ⊂ X and a continuous function f on ∂U , HUf denotes
the Perron–Wiener–Brelot solution of the Dirichlet problem on U with boundary data f . The
harmonic measure μUx at a point x ∈ U is defined as the unique Radon measure on ∂U for which
HUf (x) =
∫
∂U
f dμUx for any f ∈ C(∂U).
A point z ∈ ∂U is called regular if
lim
x→zH
U
f (x) = f (z) for any f ∈ C(∂U).
We denote by ∂regU the set of all regular points of U and by ∂irrU the set ∂U \ ∂regU of all
irregular points of U . If ∂regU = ∂U , the set U is called regular.
A closed subset F of X is called an absorbent set if the function
v(z) :=
{
0 on F,
∞ on X \ F,
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for any relatively compact resolutive set V ⊂ X and any x ∈ F ∩ V , we have μVx (X \ F) = 0.
Proposition 3.1. For any relatively compact open set U and any x ∈ U , we have
μUx = εUx
and
∂regU = ∂U ∩ b
(
U
)= {z ∈ ∂U : εUz = εz}.
Proof. See [6, Theorem 7.1.2, Corollary 7.1.4 and Theorem 7.1.1]. 
Let A ⊂ X. By the essential base βA of A we mean the smallest finely closed subset F of X
such that the set A \ F is semipolar. If A is finely closed, then βA is the greatest subset F of A
such that F ⊂ bF (cf. [5, Proposition VI.6.1 and Corollary VI.6.6]).
Lemma 3.2. The operator β :A 	→ βA is idempotent, that is, β(βA) = βA for any A ⊂ X.
Moreover, given A ⊂ X, βA = A if and only if bA = A. In particular, b(βA) = βA for any
A ⊂ X.
Proof. See [2, Proposition 1.1]. 
We will also need a slight generalization of Proposition 7.1.4 from [6].
Lemma 3.3. Let A be a subset of X and f be a lower semicontinuous function on X with compact
support. Then the function
g :x 	→ εAx (f ), x ∈ X,
is hyperharmonic on X \ A.
Proof. There is an increasing sequence {ϕn} of continuous functions on X, each with compact
support, such that ϕn ↗ f . According to Proposition 7.1.4 of [6], the functions
gn :x 	→ εAx (ϕn), x ∈ X,
are harmonic on X \ A. Since gn ↗ g, the assertion follows. 
4. Choquet’s theory of function spaces
Let H be a function space on a metrizable compact space K . By this we mean a closed linear
subspace of C(K) containing the constant functions and separating the points of K .
Let Mx(H) be the set of all H-representing measures for x ∈ K , namely,
Mx(H) :=
{
μ ∈M1(K): f (x) =
∫
K
f dμ for any f ∈H
}
.
The set
ChHK :=
{
x ∈ K: Mx(H) = {εx}
}
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for any x ∈ K , there exists a unique representing measure δx in Mx(H) carried by the Choquet
boundary ChHK .
The space Ac(H) of all continuous H-affine functions is defined as the family of all continu-
ous functions f on K for which
f (x) =
∫
K
f dμ for any x ∈ K and any μ ∈Mx(H).
The set Ac(H) is a function space containing H which, in general, can differ from H. We shall
denote by Kc(H) the set of all continuous functions f satisfying
f (x)
∫
K
f dμ for any x ∈ K and any μ ∈Mx(H).
The elements of Kc(H) are called continuous H-convex functions and they determine a partial
ordering, the so-called Choquet ordering, on the spaceM+(K):
μ ≺ ν means that μ(f ) ν(f ) for each f ∈Kc(H).
Choquet sets. A subset M of K is called a Choquet set if M is closed and the following two
conditions are satisfied:
(a) if x ∈ M and μ ∈Mx(H), then sptμ ⊂ M ,
(b) if x ∈ K \ M and μ ∈Mx(H), then sptμ is not contained in M .
A set F ⊂ K is calledH-extremal if F is closed and, for any x ∈ F and any μ ∈Mx(H), the
measure μ is supported by F . A set C ⊂ K is calledH-convex if C is closed and x ∈ C whenever
x ∈ K , μ ∈Mx(H) and sptμ ⊂ C. Thus, a closed set M ⊂ K is a Choquet set if and only if M
is simultaneously H-extremal and H-convex.
H-exposed sets. A set E ⊂ K is said to beH-exposed if there exists a positive function h ∈H
such that E = h−1(0).
The following theorem follows easily from results in [8] (see Proposition 12.4 and Corol-
lary 14.5).
Theorem 4.1. Let H be a simplicial function space on a metrizable com pact space K such that
H=Ac(H). Then a set M ⊂ K is H-exposed if and only if M is a Choquet set.
H-convex hull. Let F be a closed subset of K . We define
coHF := {x ∈ K: there exists μ ∈Mx(H) such that sptμ ⊂ F},
the H-convex hull of F .
For the reader’s convenience we sketch the proof of the following lemma. Full details may be
found in [8].
Lemma 4.2. If μ and ν are positive Radon measures on K and μ ≺ ν, then sptμ ⊂ coH sptν.
Proof. Assume that x ∈ sptμ\ coH sptν. By a Hahn–Banach type argument, there exists a func-
tion h ∈H such that
h(x) > max
{
h(z): z ∈ coH sptν}.
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H-convex function and
μ(h+) > 0 ν(h+)
which contradicts the assumption that μ ≺ ν. 
Hereafter we assume that H is a simplicial space on a metrizable compact space K . For each
x ∈ K , the measure δx denotes the unique representing measure fromMx(H) carried by ChHK .
Observe that, given x ∈ K and μ ∈Mx(H), we have μ ≺ δx . Indeed, let λ be a maximal
measure such that μ ≺ λ. Then λ ∈Mx(H). As H is simplicial, δx = λ.
Admissible sets. For a closed set F ⊂ K , define
AF := {x ∈ K: δx is supported by F }.
Obviously, F ∪AF ⊂ coHF .
A subset F of K is said to be admissible if F is closed and F ⊂ AF .
Lemma 4.3. Let F be a closed subset of K . If AF is closed, then AF = AAF .
Proof. We observe that
F ∩ ChHK = AF ∩ ChHK.
Indeed, if x ∈ AF ∩ ChHK , then by the definition of AF we have spt δx ⊂ F . Since δx = εx , we
see that x ∈ F . Conversely, assume that x ∈ F ∩ ChHK . Then again δx = εx , so spt δx = {x} ⊂
F . By definition, x ∈ AF . The assertion now follows immediately. 
Remark 4.4. The set AF need not be closed, as the following example from classical potential
theory shows. Fix a bounded domain U in Rm possessing exactly one irregular point z which is
not an isolated point of ∂U . Take an open set V ⊂ Rm such that z /∈ V and V ∩ ∂U = ∅. Then,
for F = ∂U \ V , we have AF = F \ {z} (cf. Proposition 8.3). Hence AF is not closed.
Lemma 4.5. Let F be an admissible subset of K and x ∈ K . Assume that there exists a repre-
senting measure μ ∈Mx(H) supported by F . Then spt δx ⊂ F .
Proof. Define
T :f 	→
∫
F
δz(f )dμ(z), f ∈ C(F ).
(Note that the function z 	→ δz(f ) is a bounded Borel function on F ; cf. Proposition 6.1 in [7].)
Then T is a positive linear functional on C(F ). By the Riesz representation theorem there exists
a Radon measure ν on F such that Tf = ν(f ) for each f ∈ C(F ).
If h ∈H, then
h(x) =
∫
K
hdμ =
∫
F
hdμ.
Hence
ν(h) = T h =
∫
δz(h)dμ(z) =
∫
h(z)dμ(z) = h(x)
F F
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Fix a compact set L ⊂ K \ ChHK . Since
ν(g) =
∫
F
δz(g)dμ(z)
for any bounded semicontinuous function g on F , by the Lebesgue monotone convergence the-
orem we get
ν(L) =
∫
F
δz(χL)dμ(z) = 0.
By the regularity of the measure ν, we see that ν is carried by the Choquet boundary ChHK .
Since the function space H is simplicial, we obtain
δx = ν.
We conclude that spt δx = sptν ⊂ F . 
Lemma 4.6. If F is an admissible subset of K , then coHF = AF .
Proof. Pick x ∈ coHF . There exists μ ∈Mx(H) such that sptμ ⊂ F . By Lemma 4.5, spt δx ⊂
F . Hence x ∈ AF . The reverse inclusion AF ⊂ coHF being obvious, the proof is complete. 
Lemma 4.7. If F is a closed subset of K such that F = AF , then F is a Choquet set.
Proof. Since F = AF , F is admissible. Taking into account Lemma 4.6, we have
F ⊂ coHF = AF = F.
Thus F is H-convex.
We now choose x ∈ F and μ ∈Mx(H). Since μ ≺ δx and spt δx ⊂ F , we can use Lemma 4.2
to obtain
sptμ ⊂ coH spt δx ⊂ coHF = F.
It follows that F is H-extremal and the proof is complete. 
5. Choquet’s theory in harmonic spaces
The “harmonic” function space is one of the most important examples for Choquet’s theory. In
this case, U is a relatively compact open subset of a harmonic space and the corresponding func-
tion space H is H(U), that is, the family of all continuous functions on U which are harmonic
on U . We tacitly assume that H(U) contains the constants and separates the points of U .
In the “classical” harmonic space associated with the Laplace equation, the Choquet boundary
of H(U) coincides with the set ∂regU of all regular points of U . In general harmonic spaces the
situation is more complicated.
Theorem 5.1. The function space H(U) is simplicial, H(U) =Ac(H(U)) and
ChH(U) U = ∂U ∩ β
(
U
)= {z ∈ ∂U : εβ(U)z = εz}.
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εβ(U)x = εChH(U) Ux .
Proof. The proofs of these assertions are given in the paper of J. Bliedtner and W. Hansen [2]. 
The next assertion can be deduced, for example, from Lemma 1.1 in [4]. We provide a direct
proof here.
Lemma 5.2. Assume that x ∈ U , B ⊂ A and B ⊂ b(B). If εBz ∈Mz(H(U)) for any z ∈ U , then
εAx ∈Mx(H(U)).
Proof. Let p be a continuous potential on X and x ∈ U . Since B ⊂ b(B), we have RBp = R̂Bp .
Hence
R̂A
RBp
= R̂Bp .
In particular, using Proposition 7.1.4 of [6],
(εAx )
B(p) =
∫
εBz (p)dεAx (z) =
∫
R̂Bp (z)dεAx (z) =
∫
RBp (z)dεAx (z)
= R̂A
RBp
(x) = R̂Bp (x) = εBx (p),
which yields
εBx = (εAx )B.
Hence, given h ∈ H(U), we have
h(x) = εBx (h) = (εAx )B(h) =
∫
εBz (h)dεAx (z) =
∫
h(z)dεAx (z). 
The following important result can be stated in various degrees of generality.
Corollary 5.3. Assume that x ∈ U and ChH(U) U ⊂ A. Then εAx is an H(U)-representing mea-
sure for x.
Proof. Set B := ChH(U) U . By Theorem 5.1, εBz ∈Mz(H(U)) for any z ∈ U and
B = {z ∈ ∂U : εBz = εz},
so B = b(B). The statement now follows from Lemma 5.2. 
6. β-absorbent sets
β-absorbent sets. Let U be a relatively compact open subset of a harmonic space. Following
a suggestion of W. Hansen, a subset F of U is said to be β-absorbent if F is closed and
spt εKx ⊂ F
for any x ∈ F and any compact set K ⊂ U \ ChH(U) U containing x.
If F is a β-absorbent set and M a closed subset of ChH(U) U , then F ∪M is also β-absorbent.
This is an immediate consequence of the definition.
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Proof. Pick x ∈ F ∩ U and an open neighborhood V of x (in U ). Let W be a resolutive set and
x ∈ W ⊂ W ⊂ V . Then d := dist(x,W) > 0. Set
Kn :=
{
z ∈ U : dist(z,W  1/n)}, n ∈N, n 1/d.
Then {Kn} is an increasing sequence of compact subsets of U , x ∈ Kn for each n 1/d , and⋂{
Kn: n 1/d
}= W.
According to Proposition 7.2.4 of [6], εKnx → εWx vaguely. Since Kn ⊂ U \ ChH(U) U for any
n, spt εKnx ⊂ F . As ∂Kn ⊂ W , we also have spt εKnx ⊂ W . Hence
spt εWx ⊂ F ∩W ⊂ F ∩ W ⊂ F ∩ U.
We see that
μWx (U \ F) = εWx (U \ F) = 0,
so F ∩U is an absorbent subset of U . 
Lemma 6.2. Let F be a β-absorbent set and x ∈ F . If a set A contains ChH(U) U , then the
measure εAx is supported by F .
In particular, εβ(U)x is supported by F .
Proof. We remark that, for every continuous potential p and every x,
εUx (p) εβ(U)x (p) = εChH(U) Ux (p) εAx (p).
Thus, by Proposition VI.9.9 of [5], εA∪Ux = εAx . Hence, without loss of generality, we may
suppose that A contains β(U).
The assertion is obvious for x ∈ F ∩ ChH(U) U , since εAx = εβ(U)x = εx .
Suppose that x ∈ F \ ChH(U) U . According to Corollary 2.3 in [3],
εAx = εAx
({x})εx + (1 − εAx ({x}))εA\{x}x . (1)
If εA\{x}x = εx , then by (1) we have εAx = εx and the assertion is again obvious. So we may
assume that εA\{x}x = εx . Since εx(A \ {x}) = 0, an application of Theorem VI.10.5 of [5] yields
the existence of a decreasing sequence {Vn} of open neighborhoods of A \ {x} such that
εVnx → εA\{x}x vaguely.
Set Kn := U ∩ Vn. Since εVnx = εx whenever x ∈ Vn and εA\{x}x = εx , we may assume that
x ∈ Kn for every n. As F is a β-absorbent set, spt εKnx ⊂ F . It follows that spt εA\{x}x ⊂ F .
Consequently, using (1) again, spt εAx ⊂ F , finishing the proof. 
Corollary 6.3. Any β-absorbent set is admissible.
Proof. Let F be a β-absorbent set and x ∈ F . Since εβ(U)x is H(U)-maximal, the assertion
follows immediately from Lemma 6.2 and the definition of admissibility. 
We finish this section with a lemma resembling Proposition 6.1.
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Proof. Putting
h :x 	→ εβ(U)x (χF ), x ∈ U,
the function h is positive and hyperharmonic on U according to Lemma 3.3. Since
AF ∩U =
{
x ∈ U : h(x) = 0},
the assertion follows. 
7. Exposed sets
Proposition 7.1. Any H(U)-exposed set is β-absorbent.
Proof. Let F be an H(U)-exposed set. We may suppose that F = U . Assume that there exist
x ∈ F and a compact set K ⊂ U \ ChH(U) U such that x ∈ K and εKx is not supported by F . Let
h ∈ H(U) expose the set F , that is, h = 0 on F and h > 0 on U \F . Using Corollary 5.3, we get
0 = h(x) =
∫
X
hdεKx =
∫
U\F
hdεKx > 0.
This contradiction completes the proof. 
β-modification. For any subset F of X, we define the β-modification Fβ of F as
Fβ :=
⋃{
B ⊂ U : is β-absorbent such that B ∩ ChH(U) U ⊂ F ∩ ChH(U) U
}
.
Lemma 7.2. Let F be a closed subset of U . Then Fβ ⊂ AF .
Proof. Pick x ∈ Fβ and choose a β-absorbent set B such that x ∈ B and
B ∩ ChH(U) U ⊂ F ∩ ChH(U) U.
By Corollary 6.3, B is admissible. Hence δx is supported by B , from which it follows that δx
is supported by B ∩ ChH(U) U . Thus δx is supported by F ∩ ChH(U) U ⊂ F . We now see that
x ∈ AF . 
Theorem 7.3. Let F be a closed subset of U . Then the following assertions are equivalent:
(i) F is H(U)-exposed,
(ii) F = AF ,
(iii) AF is closed and F = Fβ .
Proof. (i) ⇒ (ii): If F is an H(U)-exposed set, then F is admissible by Proposition 7.1 and
Corollary 6.3. Hence F ⊂ AF . Any H(U)-exposed set is H(U)-convex, so AF ⊂ coH(U)F = F .
The converse implication (ii) ⇒ (i) follows from Lemma 4.7 and Theorem 4.1.
Assume now that F = AF . Then AF is closed and, by Proposition 7.1 and the equivalence
(i) ⇔ (ii), the set F is β-absorbent. Hence F ⊂ Fβ . According to Lemma 7.2, Fβ ⊂ AF . This
establishes (ii) ⇒ (iii).
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Lemma 7.2, F = Fβ ⊂ AF . All that remains to be proved is that AF ⊂ F . Lemma 4.3 ensures
that AF = AAF . We now invoke the equivalence (i) ⇔ (ii) above and Proposition 7.1 to deduce
that the set AF is β-absorbent. Since
AF ∩ ChH(U) U = F ∩ ChH(U) U
(cf. the proof of Lemma 4.3), we can conclude that AF ⊂ Fβ = F . 
Remark 7.4. In Remark 4.4 we have already shown that the set AF need not be closed. We do
not know whether the set AF is closed under the additional assumption that F = Fβ .
8. The Laplace equation
Consider now the harmonic space associated with classical potential theory. In this case, U is
a bounded open subset of Rm and the function space H(U) consists of the continuous functions
on U which are harmonic on U . Any absorbent subset of a domain U is either empty or equal to
U (cf. [6, Corollary 6.1.1 and Theorem 3.2.1]).
Proposition 8.1. Let U be a bounded open subset of Rm. Then the Choquet boundary ChH(U) U
coincides with the set ∂regU of all regular points of U and
δx = εUx for any x ∈ U.
Proof. See [5, Proposition VII.4.1]. 
Lemma 8.2 (Bliedtner–Hansen). If U is a bounded domain in Rm and x ∈ U \ ∂regU , then
spt δx = ∂regU .
Proof. See [4, Proposition 1.2]. 
Proposition 8.3. Let U be a bounded domain in Rm and F be a proper closed subset of U . Then
(a) F is admissible if and only if either F is contained in ∂regU , or F contains ∂regU ,
(b) F is β-absorbent if and only if F ⊂ ∂regU ,
(c) AF = U when ∂regU ⊂ F , and AF = F ∩ ∂regU when ∂regU \ F = ∅,
(d) F is H(U)-exposed if and only if F is a proper subset of ∂regU .
Proof. (a) Assume that F ⊂ ∂regU . Then F is admissible since δx = εx for any x ∈ F . If F ⊃
∂regU and x ∈ F , then δx is supported by ∂regU , so F is admissible. Conversely, assume that F
is admissible and that there exists x ∈ F \ ∂regU . Then
∂regU = spt δx ⊂ F
according to Lemma 8.2.
(b) Since ∂regU = ChH(U) U , any closed subset of ∂regU is obviously β-absorbent. Con-
versely, suppose F is β-absorbent. By Corollary 6.3, F is admissible. Hence, either F is
contained in ∂regU , or F contains ∂regU . In the latter case, according to Proposition 6.1, either
F ∩U = U , or F ∩ U = ∅. If F ∩ U = U , we would have F = U , which is impossible.
J. Lukeš et al. / Bull. Sci. math. 130 (2006) 646–659 657So we assume that F ⊂ ∂U and will show that the assumption F \ ∂regU = ∅ leads to a
contradiction. Choose a closed ball L ⊂ U and put K := L∪{x}. Notice that spt εKx is contained
in ∂L, and so is disjoint from F . This contradiction completes the proof of (b).
(c) The first statement follows from Proposition 8.1 and Lemma 8.2.
Suppose that ∂regU \ F = ∅. If x ∈ F ∩ ∂regU , then δx = εx , so x ∈ AF . For the opposite
inclusion, assume first that x /∈ ∂regU . Then spt δx = ∂regU by Lemma 8.2 and therefore x /∈ AF .
If x /∈ F , then either δx = εx or spt δx = ∂regU , which implies that x /∈ AF .
(d) Any H(U)-exposed set is β-absorbent by Proposition 7.1, and therefore is contained in
∂regU . Obviously, ∂regU is not an H(U)-exposed set. To prove the converse, suppose that F is
proper subset of ∂regU . By invoking the preceding assertion (c), F = AF and we see by Theo-
rem 7.3 that the set F is H(U)-exposed. 
9. The heat equation
Consider now the harmonic space associated with the heat equation in Rm+1. “Harmonic func-
tions” are caloric functions here. Recall that, given an open set V ⊂Rm+1, a function h :V →R
is said to be caloric if h ∈ C2(V ) and
m∑
j=1
∂2h
∂x2j
− ∂h
∂xm+1
= 0 on V.
Where appropriate, points of Rm+1 will be written in the form z = (x, t), where x ∈ Rm and
t ∈R. If z1, z2 ∈Rm+1, then [z1, z2] stands for the segment with end-points z1 and z2.
Let M ⊂ Rm+1 and z,w ∈ Rm+1. The point w is said to be subordinated to z in M if there
exist points x0, . . . , xn ∈ Rm and real numbers t0 > t1 > · · · > tn such that, for the points zj =
(xj , tj ), j = 0, . . . , n, the following holds:
z0 = z, zn = w and [zj−1, zj ] ⊂ M, j = 1, . . . , n.
Given z ∈Rm+1, let SM(z) denote the set of all points which are subordinated to z in M .
In what follows, U ⊂ Rm+1 will be considered as a harmonic space associated with the heat
equation.
Proposition 9.1. Let U ⊂Rm+1 be a relatively compact open set and F ⊂ U be a closed set. The
following statements are equivalent:
(i) F is an absorbent set in U ,
(ii) SU(z) ⊂ F , whenever z ∈ F .
Proof. Assume that (i) holds, z ∈ F and there exists a point w ∈ SU(z)\F . Let zj have the same
meaning as above. There exists a greatest k ∈ {1, . . . , n} such that [zk−1, zk] ∩ F = ∅. Let
s0 = sup
{
s ∈ [0,1]: (1 − s)zk−1 + szk ∈ F
}
.
Obviously, s0 < 1. Let
v = (1 − s0)zk−1 + s0zk.
Then v ∈ F because F is closed and([v, zk] \ {v})∩ F = ∅.
658 J. Lukeš et al. / Bull. Sci. math. 130 (2006) 646–659Since F is absorbent, there exists a hyperharmonic function u on U such that
u = 0 on F and u > 0 on U \ F
(see [6, Proposition 6.1.1]). Let V =∏m+1l=1 (al, bl) be an open interval in Rm+1 such that V ⊂ U ,
v ∈ V and the lower face
L =
m∏
l=1
(al, bl) × {am+1}
of V has a non-empty intersection with [v, zk]. It is known that the harmonic measure μVv has
a strictly positive density on L with respect to m-dimensional Lebesgue measure on L; cf. [10].
Since u > 0 on a neighborhood of the singleton L ∩ [v, zk], we have
u(v)
∫
∂V
udμVv > 0,
which contradicts to u(v) = 0. Thus (ii) holds.
To prove the converse, suppose that z = (ξ1, . . . , ξm+1) ∈ F . For η > 0 define
V (η) =
m+1∏
l=1
(ξl − η, ξl + η)
and
W = {(x, t) ∈Rm+1: t < ξm+1}.
Choose η0 > 0 such that V (η0) ⊂ U and fix δ ∈ (0, η0). If w ∈ ∂V (δ) ∩ W , then w ∈ SU(z), so
w ∈ F by hypothesis. It follows that
∂V (δ) ∩W ⊂ F
because F is closed. It is known that
sptμV (δ)z ⊂ ∂V (δ) ∩ W
(cf. [6, § 3.3]). Hence μV (δ)z (U \ F) = 0 whenever 0 < δ < η0. We conclude that F is absorbent
by [6, Proposition 6.1.1]. 
Corollary 9.2. Let U ⊂Rm+1 be a relatively compact open set, F ⊂ U be a β-absorbent set and
z ∈ F ∩ U . Then SU(z) ⊂ F ∩ U . In particular, the conclusion holds if F is an H(U)-exposed
set.
Proof. The assertion immediately follows from Proposition 6.1 and the preceding Proposi-
tion 9.1. 
Problem 9.3. It remains to characterize spt εβ(U)x (cf. Lemma 8.2) in the heat equation case. We
make the following conjecture.
For x ∈ U , set
Cx :=
⋂
{B ⊂ U : x ∈ B,B is β-absorbent}.
J. Lukeš et al. / Bull. Sci. math. 130 (2006) 646–659 659Our conjecture is that
spt εβ(U)x = Cx ∩ ChH(U) U.
Since spt εβ(U)x ⊂ B whenever B is β-absorbent and x ∈ B (cf. Lemma 6.2), and εβ(U)x is
supported by ChH(U) U , we have
spt εβ(U)x ⊂ Cx ∩ ChH(U) U.
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